MORE ON SOP! AND SOP 2 



SAHARON SHELAH AND ALEX USVYATSOV 

Abstract. This paper continues |DjSh692] . We present a rank function for 
NSOPi theories and give an example of a theory which is NSOPi but not 
simple. We also investigate the connection between maximality in the order- 
ing <* among complete first order theories and the (N)SOP2 property. We 
complete the proof started in |DjSh692] of the fact that <*-maximality implies 
SOP2 and get weaker results in the other direction. The paper provides a step 
toward the classification of unstable theories without the strict order property. 



1. Introduction and preliminaries 

This paper continues DjSh692 and investigates theories that have or do not have 
the order properties SO Pi and SOP2- These properties were defined in |DjS h692 
in order to find more division lines lying between the tree property (non-simplicity) 
and SOP3, the first dividing line in Shelah's hierarchy of finite approximations of 
the strict order property. We remind the definitions: 

Let T be a complete first order theory, C - the monster model of T (a k* - 
saturated and homogeneous model for k* big enough). 

Definition 1.1. (1) Let n > 3. We say ip(x,y) (with len(x) = len(y)) exem- 
plifies the strong order property of order n (SOP n ) in T if it defines on £ 
a graph with infinite indiscernible chains with no cycles of length n. 
(2) We say ip(x,y) (with len(x) = len(y)) exemplifies the strict order property 
in T if it defines on £ a partial order with infinite indiscernible chains. 

Fact 1.2. For a theory T , strict order property =>SOP n +i =^SOP n for all n > 3. 

Proof. The first implication is trivial, for the other one see Sh500j, claim (2.6). □ 

We also remind an equivalent definition of SOP3: 

Fact 1.3. T has SOP3 if and only if there is an indiscernible sequence (oj : i < uj) 
and formulae ip(x,y), tp{x,y) such that 

(a) {<p(x, y), ip(x, y)} is contradictory, 

(b) for some sequence {bj : j < lu) we have 

i < j ip[bj,a,i] and i > j =^>^ il)\bj,ai]. 

(c) for i < j, the set {(p(x,dj),ip(x,ai)} is contradictory. 

Proof. Easy, or see |Sh500j . claim (2.20). □ 

Now we recall the definitions of SOPi, SOP2 and related properties: 

Definition 1.4. (1) T has SOP2 if there is a formula <p(x, y) which exemplifies 
this property in £, and this means: 

There are a v G £ for 77 G w> 2 such that 
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successor ) 



(a) For every 77 £ "2, the set {(p(x,a v \e) : I < uj} is consistent. 

(b) If 77, v G w> 2 are incomparable, {y(x, a,;), y(x, a„)} is inconsistent. 

(2) T has SOP\ if there is a formula y (x, y) which exemplifies this in £, which 
means: 

There are a v G C, for 77 G w> 2 such that: 

(a) for p G u 2 the set a p \ n ) : n < uj} is consistent. 

(b) if z/ ^ (0) < 77 G w> 2, then {y(x, a,,), y>(x, a^m)} is inconsistent. 

(3) NSOP 2 and NSOPx are the negations of SOPa and SOPi respectively. 

(4) T has SOP 1 1 if there is a formula (p(x,y) which exemplifies this property 
in £, and this means: 

there are (a n : 77 G w> 2) in £7- such that 

(a) {tp{x, a^n) 71 ^ : n < uj} is consistent for every 77 G "2, where we use 
the notation 

</? if I = 1, 
-.p if Z = 

for Z < 2. 

(b) If v ^ (0) < 77 G w> 2, then {(^(a;, a,,), <p(x, a u )} is inconsistent. 

(5) T has SOP" 2 if there is a formula ip(x,y) which exemplifies this property 
in (t, and this means: 

there is a sequence 

(a n : 77 = (770, ■ ■ .rM_i),77o < tji < ... < rfa-x G A>2 and lg^ 
such that 

(a) for each 77 G 2, the set 

POM*?) : r 7 = I" ( a o + 1), 77 I" («i + 1 )> ■ ■ -V \ + 1)) 

and ao < tti < ■ . . a„_i < A 

is consistent 

(b) for every large enough m, if /i is a 1-to-l function from ™-m into 
A> 2 preserving 77 < 1/ and 1/ J_ 1/ (incomparability) then {<^>(:z;,ap) : 
for some 77 G n m we have v = (h(r) \ €) : t < 77,)} is inconsistent. 

Fact 1.5. (1) for a t/ieory T, SOP 3 =^SOP 2 =^SOPi 
(2) T has SOP\ if and only if it has SOP[ 

Proof. See |D,jSh692| . □ 

It is still not known whether the implications in 11.51 (1) are strict, but for now 
we investigate each one of these order properties on its own. 

In the second section we expand our knowledge on SO Pi. We present a rank 
function measuring type-definable "squares" , i.e. pairs of types of the form (p(x),q(y)) 
and show the rank is finite for every such a pair if and only if T does not have 
SOP[(\i and only if T does not have SOP\). In fact, if one calls a tree of parame- 
ters {a v : rj G UJ> 2} showing that <p(x, y) exemplifies SOP[m € (as in the definition 
of SOP[) a <p — SOP[ tree, the rank measures exactly the maximal depth of a tree 
like this that can be built in € . We also show a small application of the rank. 

It is easy to see (see |DjSh692 ) that if ip(x,y) exemplifies SOP\ in € then it 
also exemplifies the tree property, so T has SOP\ =>T is not simple. We show 
that the implication is proper, i.e. find an example of a theory T which is not 
simple, but is NSOP\. This theory which we call T f * , was first defined in |Sh457j . 
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and is used in jSh500| as an example of an NSOP3 non-simple theory. Here we use 
a slightly different definition of the same theory, as given in |DjSh692| . 

Definition 1.6. (1) Tf eq is the following theory in the language {Q, P, E, R, F} 

(a) Predicates P and Q are unary and disjoint, and (Vx) [P(x) V Q{x)], 

(b) E is an equivalence relation on Q, 

(c) R is a binary relation onQxP such that 

[x R z & y R z & x E y] ==>• x = y . 

(so R picks for each z £ Q (at most one) representative of any ^-equivalence class). 

(d) F is a (partial) binary function from Q x P to Q, which satisfies 

F(x,z)£Q& (F(x,zj) Rz k xE (F{x,z)) . 

(so for x £ Q and z E P, the function F picks the representative of the i?-equivalcncc 
class of x which is in the relation R with z). 

(2) T f * q is the model completion of Tf eq , (so a complete theory with infinite 
models, in which F is a full function). 

If the reader thinks about the definition above, he'll find out that T f * q is just 
the model completion of the theory of infinitely many (independent) parametrised 
equivalence relations. The reader can also compare between the definition of T f * q 
here and in |Sh457 . As we already mentioned, it was shown in |Sh500| this theory 
does not have SOP3 (but is not simple). Here we prove an (a priori) stronger result: 
Tf* q does not have SO Pi. 

In the third section we deal with <^-maximality (see the beginning of the section 
for definitions). For a theory T, to be <3^-maximal means to be complicated. In 
a way, it means that it is hard to make its models A-saturated. In Sh500| it 
was stated that SOP3 implies <^-maximality; here we fill the missing details of 
the proof, showing explicitly that the model completion of the theory of trees is 
< ^-maximal for every regular A big enough. 

We are interested in this paper, though, in SOP2 more than SOP 3 . In DjSh692 
it was shown that a property similar to O^-maximality (which also follows from 
<d^-maximality for some A under certain set theoretic conditions) implies SOP2, 
and one of the questions asked there is what is the connection between SOP2 and 
the SOP n hierarchy. Of course, it would be natural to try to connect between 
SOP2 and SOP2 , and indeed we prove here these two properties are equivalent for 
a theory T (not necessarily for a formula). 

So we can conclude SOP3 =^<^-maximality =>5 f OP 2 - Unfortunately, we don't 
know much about the other directions of the above implications. 

In |DjSh692"] two notions of "tree indiscernibility" were defined. We recall the 
definitions: 

Definition 1.7. (1) Given an ordinal a and sequences fji = r)\, ■ ■ ■ , rf ^ 
for I = 0, 1 of members of Q> 2, we say that 770 ~i fji iff 

(a) n = m, 

(b) the truth values of 

vL < v l kl n vi 2 , rf kl n 4 < n l k3 , ( v l kl n v l k2 ) - (o) < rf k3 , 

for fci, &2, &3 < no, do not depend on 
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(2) We say that the sequence (a n : rj G a> 2) of £ (for an ordinal a) are 1- 
fully binary tree indiscernible (1-fbti) iff whenever fjo ~i 771 are sequences 
of elements of a> 2, then 

afjo ='■ R ii° ^ ■ ■ ■ 
and the similarly defined dfj t , realize the same type in £. 

(3) We replace 1 by 2 in the above definition iff (r] ki n r] l k2 ) <-> (0) < rf k is 
omitted from clause (b) above. 

We will need the following fact proved in |DjSh692| , (2.11): 

Fact 1.8. If t G {1,2} and (b^ : rj G u)> 2) are given, and 8 >lo, then we can find 
{a v : rj G s> 2) such that 

(a) (a v : rj G s> 2) is t-fbti, 

(b) if fj = (rj m : to < n), where each rj m G s> 2 is given, and A is a finite 
set of formulae of T , then we can find v m G w> 2 (to < n) such that with 
v =: (u m : to < n), we have v «t fj and the sequences a,-) and bp, realise 
the same A-types. 

2. More on SO Pi 

We work with a complete first order theory T, let £ be its "monster" model 
(saturated in some very big k*). Let £ = £ (T) (the language of T). Every 
formula we mention in this section is an £ -formula, maybe with parameters from 
€ . 

First, we would like to make sure that we indeed are developing a new theory 
here. As every simple theory is NSOP\, it is very important to ask whether the 
other direction is also true (if so, we would find ourselves in a well-developed context, 
for which almost all the theorems proven here are either known or easy). But the 
answer is negative: 

Theorem 2.1. T* feq does not have SOPx. 

Proof. Suppose there exists ip(x,y) with £g(x) = n, £g{y) — to, and (a n : rj £ u>> 2) 
in m £ which exemplify SOP\ in £ (£ is the monster model of T5 eq ). Without loss of 
generality, (by ref{fct:thinning})(a, ) : 77 G u>> 2) if 1-full tree indiscernible. Also, by 
elimination of quantifiers, we may assume that ip(x, y) is quantifier free. As the only 
function symbol in the language is F and F c has the property F a: (F' t (x, z),y) = 
F £ (x, y) for all z, we will also assume wlog that x and y in ip(x, y) are closed under F 
and <p{x, y) gives the full diagram of x ^ y. We shall regard x as (a; , . . . , a;™ -1 ), y 
as (y ,...^™- 1 ), a v as (a°, . . . , a™" 1 ). 

By the definition of SOPj, there exist e = (e°, . . . , e"" 1 ), d = (d°, . . . , d"" 1 ) in 
n € s.t. 

<L h <p{e, o< >) A <p(e, a {0) ) A tp(e, a <0 o>) 

and 

£ |= ip(d,a,()) A(p(d,a {1) ) 
Denote 77 = (00). Let i? = <t \ ^ ^<i>- -By our assumptions, there exists 
a model Nq whose universe is x ^ a^, extending £ f a, ; , whose basic diagram is 
ip(x,a v ). Similarly, there exists a model Ni with universe x ^ and basic 

diagram tp(x,a(^). We shall amalgamate B,Nq and A^i into a model of Tf eq ,N. 
This will immediately give a contradiction: first, extend N to N* |= r? eg , then 
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amalgamate N* and £ over B into some £ + |= Tf . By model completeness of 
Tf eq , £ -< C + , but (£ + |= 3x((p(x,a,ri) A ip(x,a^)), which is a contradiction to the 
definition of SO Pi. 

It is left, therefore, to show that we can define on |JVo| U |JVi| a structure which 
will be a model of Tf eq , extending B. 
We define N as follows: 

\N\ = \Ni\ U |JV 2 |, p N = p N ^uP N2 , Q N = Q Nl U Q N \ 

Note that the diagram of x in N is the same as the diagram of x in N\ (both 
implied by ip(x,y), and the diagrams of a^a/n in Nj are the same as in C, hence 
the same as in B. Therefore, P N and Q N are well defined and give a partition of 
\N\. Also, so far N extends B (as a structure). 

Considering E and R, we define 

R N = rNi [j r N 2 u R B 
E N = E Nr u E N 2 u E B 

Once we have proven the following lemmas, we will be able to define F in a natural 
way, and in fact will be done. 

Lemma 2.1.1. E N is an equivalence relation on Q , extending E B . 

Lemma 2.1.2. R N is a two-place relation on N, R N C P N x Q N 1 satisfying: 

for every y S and every equivalence class C of E N , there exists a unique 
z G C such that (y, z) S i?^. 

Proof of \2.1.1\ The only nonobvious thing is transitivity. We check two main cases, 
all the rest are either similar or trivial. 

(1) Assume x l E N a J v , x l E N a k ^ for some i,j,k. We want to show a J v E N a k 1 y 
It is enough to see a^E^a/Uy We will write E instead of E € . 

N |= x^a^ ^> N \= x l Eo? n =>• tp(x,y) h x l EyK Similarly, tp[x,y) h 
x z Ey k , and we get (by the choice of e, J 6 "<£) 

^Eaij, e l Ea j () , e l Ea k v e l Ea k {)1 d l Ea j (1 y d>Ea? {) ^Eafa, d i Ea k ) . 

Now it is easy to see that all the above elements are ^-equivalent in £, 
in particular a J v and a k ^ , as required. 

(2) Assume x l E N a™, a k 1 yE N a^, and we show x l E N a k 1 y i.e. tp(x,y) h x l Ey k . 
As (p{d,a~(i)) holds in € and ip(x,y) gives a full diagram, it will be enough 
to see d l Ea k 1 j ■ 

We know that ip(x,y) h x l Ey J therefore e l Ea J 1 , e i Ea 3 ,y d l Ea 3 l ^ l y d l Ea 3 ^y In 
particular, d l Ea 3 v , but, by our assumption, a^Ea^y so we are done. 

□i 

Proof of 12.1. !A Like in the previous lemma, the only nontrivial thing to prove is 
the last part, and we will deal with two main cases. 

(1) N \= (a^RaL) A (a i q Rx k ) A (x k EaL). We aim to show N \= (x k = aL). 
We know: 
(*)i £ h 4 Rai (i) 

(*) 2 N |= a 1 v Rx k , therefore ip{x, y) h y z Rx k 
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(*)3 Ni |= x k Ea J , 1 ,, therefore <p(x,y) h x k EyK 

So we can conclude: 
(*) 2 ^-a l {) Re k , a l {) Rd k 

(*) 3 => e k Ea> () , d k Ea J { } => e k Ed k . 

As the above two relations hold in <£, which is a model of Tf eq , we get 
€ \= e k = d k . Denote e* = e k = d k . 
(*)i ^a^Ra^ 
(*) 2 aj,i?e* 
(*)i e*^^ 

Together (once again, C |= T/ eg ) we get e* = aj^, therefore f{x,y) h x k = 
y j , so iVi |= x fe = a^, and we are done. 

(2) N |= {x i Ra^)A{x i Ra k 1 )A{a k Ea^ 1 ~ } ) and we aim to show N |= (a* = o^). 
We know: 
(*)i ^i h a'-Ra^, so <p(x,y) h 
(*) 2 A^o h x l Ra k , so (fi(x,y) h x l i?y fe 
(*) 3 € h o*£7a^ 

Note that by indiscernibility of (o r : r G M,> 2) and (*) 3 we get a k ^Ea 3 ^, therefore 
a k }Ea k . Now, by (*) 2 , e i Ra k & e l Ra k y Therefore, by C |= T feq , a k ^ = a k . 
Now by indiscernibility 

n k — n k n k — n k 

(o) ~ a { >' a (i> — a { ) 
So we get that all of the above are equal (and in fact a k x = a k 2 for all ri,r 2 G UI> 2). 
Now: 

(*)i => dtRaL-, 

(*) 2 d % Ra k ^ => d l Ra k (as = a*) 
(*) 3 ^a^a^. 

By £ |= Tf eq , we conclude a* = a k ^, which finishes the proof of the lemma, and 
therefore the proof of the theorem. D 2 

□ 

Our next goal is to show that there is a rank function closely connected with 
being (N)SOPi. Let <px,y be a formula. 

Definition 2.2. Given (partial) types p(x), q(y). By induction ontKwwe define 
when 

rk v(s,y)(P( 5 )'9(y)) ^ n : 
If n = , this happens if both p(x), q(y) are consistent 
For n + 1 , the rank is > n + 1 if for some c |=(/(|/), both 

rk ^( 2 , S ) u M 5 > c)}, o(y)) > n 

and 

rk ^( 2 ,y) (P(^). °(y) u h(^x)(ip(x, y) A c))}) > rc. 

We say rk^- v) (p(x),q(y)) = oo iff rk* ( _ , v) (p(x), q{y)) > n for all n. 
We say the rank is —1 if it is not bigger or equal to 0. 
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Remark 2.3. (1) The statement rkL- ^(9i(x; a), 02(x; b)) > n is a first order for- 
mula with parameters a, b. 

(2) We can continue to define when rkj^- y^(p(x), q(y)) > Q for any ordinal a, but 
by the compactness theorem and part (1) it follows that rk* y)(Pi l) ^ a f° r some 
a > w iff rk^ (S)ff) (p, g) > cj iff rkj, (2)i?) (p, g) = oo. 

(3) (Monotonicity) If p' h p" and g' h g", then rk^ (s ^(j/, q') <rk* (S)S) (p", g")- 

(4) (Finite Character) If rk^ 2 g(y)) = H, then for some finite po(^) £ p(^) 
and g (y) C q(y) we have rkj, { - g) (p (x), q (y)) = n. 

(5) If p' = p", and g' ee g", then rki(p',g') =rki(p",g"). 

We aim to show that rk* (p(cc), g(j/))is finite for every p(x), q(y)(or, equivalently, 
rk* (a; = x,y — y) is finite) if and only if ip(x,y) does not exemplify SOP[va T. For 
this purpose we shall need another definition and several easy claims. 

Definition 2.4. Given (partial) types p(x)aiid q(y), we say that {a v : rj £ ™-2} is 
a ip-SOP{ tree for p(x) and q(y) ( of depth n) if 

(a) p(x) U {(p v ^(x, a v \i) ■ i < n} is consistent for every r\ G™ 2. 

(b) a,, |= g(y) for all 77 e ™^2 

(c) If 77, 1/ are in n -2 satisfying 77 ^ (0) <i/, then the set {^(x, a,,), y>(:r, a„)} 
is inconsistent. 

Proposition 2.5. Suppose {a v : 77 G ™-2} is a ip-SOP[tree for p(x)and q(y) of 
depth n, and denote A = {a v : (0) < 77}, A 1 = {a v : (1) < 77}. Then 

(1) A 1 is a ip-SOP[tree for p(x) U {ip(x,a^)} and q(y) 

(2) A is a (p-SOP[tree for p(x)and q(y) U {->(3x)(ip(x,y) A ip(x,a,Q))}. 

Proof. The clauses (a) and (c) of the definition easily hold both for A 1 and A , 
so we should only check (b), which is also obvious for A 1 . Therefore, we're left to 
show that for every r\ £ A , a n \= ->(3x)(ip(x 1 y) A ip(x,a,(\)), and this is clear by 
clause (c) of the definition ({a v : 7/ e ™-2} is a ip-SOP[ tree, and () ^ <?y). □ 

Now we show the connection between the rank and SOP[ trees. 

Proposition 2.6. ik l v {p{x) , q{y)) > n •<=>■ there exists a tp-SOP{tree for p{x)and 
q(y)of depth n. 

Proof. Both directions are proved by induction on n. The case n = is obvious. 
For n = to + 1, the right-to- left direction follows immediately by the induction 
hypothesis and 12.51 So we will elaborate more only about the other direction, 
although it is also straightforward. 

Suppose 77 = 77T, + 1 and rk*(p(x), q(y)) > n. By the definition of the rank and 
the induction hypothesis, for some c \=q{y), there are 

(1) a ip-SOP{tree A 1 = {a,/ : 77 6 m ^2} for p(x) U {<f(x, c)} and q(y) 

(2) a ip-SOP{tree A = {a v a : 77 E m ^2} forp(.T)and q(y) U {-.(3x)(<p(x,y) A <p{x, 
(both of depth to). We define a tree {a v : 77 6 ™-2} by 

0^)—») = a V l for ^ E {°> 1} 

which is as required, i.e. a (p-SOP{trec for p(a;)and q(y). Why? 
(a) of the definition obviously holds by (1) above. 
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(b) holds as c\=q(y). 

(c) obviously holds by (2) above. 



□ 



The following remark is obvious: 

Remark 2.7. (p(x,y) exemplifies SOP[\tl T <=>thcrc exists a ip-SOP[ tree for x = 
x and y = y of any depth. 

So we can conclude the following 



is exactly the maximal depth of a ip-SOP{tree that can be built in £ . 

Corollary 2.9. T does not have SOPi<=^T does not have SOP^ -£=>-rk* (a; — x,y — y) 
is finite for every formula ip(x, y). 

Now we show an application of the rank. 

Theorem 2.10. Suppose that T satisfies NSOP\. Assume that 

(a) Mi -< M 2 ~< €. 

(b) p is a (not necessarily complete) type over Mi, containing the formula 
ip(x, b*) for some b* £ M 2 \ M 1 . 

Then for some finite q' C tp(6*/Mi) at least one of the following holds: 

(i) IfbE Mi realises q'{y) then <p{x, b) ^ p, or 

(ii) If b S M\ realises q'(y) then {<fi(x, 6), <p(x, b*)} is consistent. 

In fact, all we need to assume for this Claim is that (p(x,y) does not exemplify 
that T is SOP 1 . 

Proof. Denote q = tp(&*/Mx). As T is NSOPi,we have that rk 1 ,. .,^ \ M u q) = 
n* < u (certainly n* > 0). By the finite character of the rank, we have that for 
some finite po C p \ Mi and qo C q, 



(remember that b* |= q and therefore certainly b* \= qo). So 
2.10.1. 

If rk i(2,s)(PoU{v?(5,6*)}, 9 o) > n*, then rkl im (po,q U{(^3x)[<p(x,y)Acp(x,b*)]}) < n* . 
By Remark l2.3r iK there is a finite q' C q such that 
2.10.2. 

b realises q => rk^ (2S) (p U {ip{x,b)},q Q ) = rk^ (2S) (p U {<p(x, b*)}, q ). 

We aim to show that q' is as required. 

Case 1 . rkl {m (p U {(p{x,b*)},q ) = n<n*. 

We note that the possibility (i) holds. 

Namely, suppose b realises g',then rk^ s y)(po U b)}, qo) — n < n*, so if 

(p{x, b) € p, we obtain a contradiction with monotonicity of the rank. 
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Case 2 . rk^.^^o U {ip.(x,b*)},q ) =n*. 
We shall show that (ii) holds. 

Suppose otherwise, so let b G Mi realise q' and {<p(x, b), f(x, b*)} is contradictory. 

Bv iai 

rk ^(z )S )(poU{<p(£,&)},go) =n* 

and bv 12. 10.11 

rk ^(2,j,)(Po,9o U {(-.3x)(^(x,y) A <p(x,b)}) < n*. 

We have that (-i3x)[<p(x, y) A y>(ai, b] G g, hence go U {(-da;)[y>(x, y) A y>(al, &)]} C g, 
in contradiction with monotonicity and rkw 2 -•, (p \ M\ ,q) — n* . □ 

3. More on SOP 2 , SOP 3 and <^-order 

We try to find a connection between the syntactic properties SOP 2 ,SOPs and 
the semantic property of being <^-maximal. Our guess is that O^-maximality 
should be equivalent to one of the above order properties (maybe both), but all 
we manage to prove here is SOP3 =><^-maximality ^SOP 2 . We also give a weak 
"local" result in the other direction. 

First we generalize the definitions from |DjSfa692*| , of <^-maximality, making 
them local as well as global. 

Definition 3.1. (1) For given (complete first order theories) T\,T 2 and cardi- 
nals A > n > k,h > 9 > |Ti| + \T 2 \ + H 

(a) T\ <}* <x <M K <0 T 2 means that there is a (complete first order theory) 
T* and interpretations <fi,<f 2 of T\,T 2 in T* respectively, \T*\ < 9 
such that: 

- H< A ;< M i K if M is a K-saturated model of T* and M t = M^ e \ 
for I = 1,2 and M 2 is A-saturated (model of T 2 ), then M\ is 
/i-saturated 

(6) (Ti,i?i(5,y))<^ Ai<Mi< jTi,tf 2 (5,y)) means that & e (x, y) G i(r T J and 
that there is a T* and interpretations (pi , (p2 of T\ , T 2 in T* respec- 
tively, |T*| < n such that Kl^. ^1 ^2 if M is a K-saturated model 

of T* and M £ = for £ = 1,2 and M 2 is (A, i? 1 (x,y))-saturated 

(see 3 below), then Mi is (fi, $ 2 )-saturated. 

(2) Instead "< A + " we may write "A", and instead "< we may write /it, 
instead < 9 + we may write 9. If we omit /1 we mean fi = A, and if we 
write k = then "/t-saturated" becomes the empty demand, if we omit 
8 we mean |Ti| + \T 2 \ + Ho and if we omit k and 9 then we mean that 

p = A,0 = |Ti| + |T 2 | + N o . 

(3) We say M is (A, A) -saturated when: if p C {$(5; a) : $(x;y) G A, a G 
£ 9(y)M} is finitely satisfiable of cardinality < A then p is realized in M. If 
A = {i?(S,y)} we may write d{x~,y) instead of A. 

(4) If Ti,T 2 are not necessarily complete, then above T* is not necessarily 
complete and we demand: if M x |= Xi,M 2 |= T 2 then there is M |= T* 
such that M&d \= Th(Mi) for £ = 1, 2. 

(5) We say T is <^ ^-maximal if |T'| < A =*> T" T. We say (T,d(x;y)) 
is <* K -maximai if |T'| < A&t?'(x'; j/')) e L(t t '0 (T', j/')) <a « 
(T,#(x;y)). 
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Definition 3.2. (1) Tt r is the theory of trees (i.e. the vocabulary is {<} and 
the axioms state that < is a partial order and {y : y < x} is a linear order 
for every x), so T tr is not complete, and let #t r (x, y) = (y < x). 

(2) T t * is the model completion of T tr . 

(3) T or d is the theory of linear orders, T* ld is its model completion (i.e. the 
theory of dense linear order without endpoints). 

We note connection to previous works and obvious properties 

Proposition 3.3. (1) T x <* ^ T 2 is Ti <* T 2 of |DjSh692| . 

(2) Ti <* X . X . <K T 2 implies T x <* K T 2 of |Sh5001 2.x,p.xxx]. 

(3) <i x e /las i/ie obvious monotonicity properties: ifT\ <i* <Xl < M ' < Kl <ej -^2 
and A 2 > Ai,^ 2 < Mi;«2 > ^1,^2 > #i #»en T x <^. Aa <M2 . <K2 <f , 2 T 2 . 

(1) T<* XtlM . K fTif\T\<9,\>fi> K ,n>6. 

(5) ///i is a limit cardinal, then T\ <* <x <u ; <k <e^2 iff for every fi\ < fi, fXi > K 
we have 

T l <<\,<m;<K,<0 T 2- 

(6) Similar results hold for (Tg, *di{x; y)). 

Proof. Easy. □ 

Proposition 3.4. (1) Assume T% <i* <x <M . <K <g T 2 . Then for any theory T* , 
we can find T** D T* complete \T**\ < (|T*|l r ( Tl )l+|r(T 2 )|)+ + 6 such that: 
for any interpretations (p\,(p 2 ofT\,T 2 in T** respectively the definition of 

(2) Assume t(T\),t(T 2 ) are disjoint. Then T\ <* <x < M <K <g T 2 if for any 
T D Ti U T 2 there is T* D T as demanded in Definition for the trivial 
interpretations 1 is the T(T e )-reduct. 

Proof. Easy. □ 

Now we will show that T t * r is < ^-maximal for every A big enough, and conclude 
that SOP3 =><£-maximality. The last result appears already in |Sh500| . theorem 
(2.9), but the proof is not full - in fact, the proof shows the following theorem: 

Theorem 3.5. Any theory T, |T| < A, with SOP 3 is <* x -above T c 



ord ' 

Proof. See jHES!, (2.12). □ 

Here we fill the missing part, proving explicitly that T t * , and therefore T* rd are 
maximal. 

Theorem 3.6. T* r is <\* x -maximal for any A > Ho; the witness T* does not depend 
on A. 

Remark 3.7. This continues |Sh:cl Ch.VI,3.x]. 

Proof. Let T be any complete theory, \T\ < A and Mi a model of T. 

Let $ = {(p(x,a) : ip(x,y) G L{r T ),a 6 ^(Ah)}, so |$| = |]Mi]|. So M = 
<) is a model of T tr and there is a model M 2 of T* r of cardinality ||Mi|| 
extending M such that every member of M 2 is below some member of M . 

Let x be large enough such that M\ 1 M 2 G JC(x) and we define 23* expanding 
(5C(x),6) by P 1 = \KhlP 2 = \M 2 \,P= \M\,Q = *, <i-< M2 , <=<i \ P, m = a 
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constant symbol for a set Mi, P s = R Ml for R G tt (wlog r(T) docs not contain 
any other predicate mentioned here) 

Q = {{{^Pi{x,ai) : I < n) : Mi \= 3x[Aip e (x, a e )]}. 

H is a partial unary function with domain Q and range Pi, H({ipe(x, at) : I < n)) 
satisfies {(fe(x, dg) : I < n}, i.e. 23* satisfies the formula "m |= (3x) f\ e<n <fie(x, ag)" . 

Let T* = Th("B*), let ip\ be the trivial interpretation of T in T* (the restriction 
+ reduct) and (pi = (P2(x),x <i Xi) is an interpretation of T t *. So T*,<pi,<p2 
does not depend on A. 

Now we assume 23 is a model of T*, iVi = 23^1, iV 2 = 7V 3 = (P 3 , < s ) and 

we aim to show that (i) below implies (Hi). We will first show that (i) (ii) and 
use this fact in the proof. 

(1) N2 is A-saturated 

(ii) in N3 every branch has cofinality > A, equivalcntly: every increasing se- 
quence of length < A has an upper bound 
(Hi) Ni is A-saturated. 

Why (i) ^> (ii)? If (at : i < S) is < N3 -increasing, S < A then it is < W2 -increasing 
hence has a < JV2 -upper bound a but (V.t e P 2 )(3y)(a; <i y&cP(y)) belongs to T* so 
there is 6, a < N2 b e P w = N 3 so 6 is as required. 

So we can assume clause (i) and we shall prove (iii). 

Before we proceed, let us note several trivial but important properties of 23. 

(a) We can talk inside "B about a set being a model, (standard coding of) a 
formula, a proof, etc. In particular, we can speak about m (as a model) 
satisfying or not satisfying certain sentences. Also, given a formula with free 
variables we can speak about substitution of other variables or parameters 
into the formula. Given s E 23 which is a formula with free variables x, 
we will allow ourselves to write s — s(x), and if 23 thinks that substitution 
of a € Pi into s will turn it into a true sentence in m as a model, we will 
write m \= s(a) or just s(a). 

(b) 23 |= VzQo(z) <*=>- 11 z is a formula with one free variable with parame- 
ters from P". Moreover, suppose if(x,a) is a formula in L(tt) s.t. a £ 
P^ . 23* and therefore 23 satisfy (Vy G Pi)(3!s e Q ) such that (Vz £ 
Pi)(p(x,y) "m |= s(x,y)". Let us denote by r ip(x,d)~ l this "canonical 
encoding" of ip(x, a) in Qq . 

(c) 23 |= VsP(s) <=^> "s is a finite sequence of members of Qo, i.e. (3n e ui)(s : 
n^Qo)"- 

(d) For simplicity of notation, given s G P & , we will write "z e s" instead of 
"z G /m(s s )". 

(e) For z G P 2 , c G PP , we write z(c) meaning (Vs G z)s(c). 

(f) For every </?(a;, a) G L(pt) for a G P® , there exists an element of P s 
corresponding to the finite sequence (tp(x,a)). We denote this element by 
( r tp(x,ay). Moreover, 23 |= 3x(Pi(x) A <p(x,a)) — > Q(( r (y5(x, a)" 1 )). 

Subclaim 3.7.1. (1) Suppose 23 |= Q(z). Then 23 |= Vw(Q(w;) A z < w) -> 
«(%))■ 

(2) Let if(x,a) G L(tt) and suppose 23 |= 3xPi(a;) A (p(x,a). Then 23 |= 
Vz(Q(z) A ( r (^(x, a) -1 ) < z) -» ^(P(z), a). 
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Proof. (1) Trivial as 25* satisfies it. 

(2) Let z* = ( r ip(x,a) n ). First, Q{z*) holds by / above. By (1), z*{H{z)) 
holds for each z G Q s , z* < z. Now by b and / above, 25 |= VxPi(x) — > 
(z*(x) 4=> ip(x, a)). As 25 |= Range(H) C P 1 , we are done. 

□ 

We now proceed with the proof (i) => (iii). So let p be a 1-type in ATi of 
cardinality < A, so let p = {ipp(x,ap) : < a} with a < A, ap G N-\\/0. Without 
loss of generality p is closed under conjunction, i.e. for every e, £ < a for some 
(<awe have ^>^(x, a$ ) = y e (x, a £ ) A ^(2:, a^). We shall now choose by induction 
on < a an element bp of A such that 

(A) b fj G P s = A 3 moreover 6/3 G Q s and 7 < /3 =4> 6 7 <^ 3 6/3 

(B) if 7 < /3 then 25 |= (Vz)(Q(z) A (fy < z) -> ip 7 {H(z), a 7 )) 

(C) if 7 < a (but not necessarily 7 < /3) then 25 |= (3z)[Q(z) A (6/3 < z) A 

(Vi/)(Q(i/)A«<i/- V7 (fr(i/),s 7 ))]. 

If we succeed then is as required. 

Case 1 : = 0. 

Define bo = () (the element of P' & corresponding to the empty sequence). 
Clearly 25 j= Q(b ), i.e. the demand (A) holds. (B) holds trivially. Why does (C) 
hold? Let 7 < a. 25 |= 3x</? 7 (x, a 7 ) therefore denoting z* = { r ip 1 (x, a 7 ) n ), we have 
25 |= Q(z*) A 6 < z*. Now we finish by part (2) of the subclaim. 

Case 2 : = v + l. 

25 satisfies the sentence saying that for every 77 G Q and y e Pi there exists an 
element of P that we denote by Conc v (r],y) corresponding to r]~ ( r Lp v (x,y)~ l ). We 
define bp — Conc v (b v ,a v ). Now we have to check (A) - (C). 

(A) By the induction hypothesis, clause (C) holds for b v and v (standing for bp 
and 7 there). Therefore 25 |= 3z 6 <5(6„ < z) Aip v (H(z), a v )). But 25* (and 
so 25 ) satisfies that Vy G Pi if there exists z e Q s.t. f v (H(z),y) holds, 
then Conc v (z,y) is an element of Q (as in 25* the assumption means that 
there exists an element of m satisfying all the formulae in z plus <f v {x, y)). 
So we get the required. 

(B) is clear as by the induction hypothesis, ip^(H(z), a^) holds for every £ < v, 
bp < z (recall that b v < bp). As for ip v (x,a v ), 25* clearly satisfies that 
for every z E Q, y G Pi, if b = Conc v (z,y) is in Q then ip v (H(z),y) holds 
Vz G Q, b < z. 

(C) Let ( < a. As p is closed under conjunctions, for some £, <p 7 (x,a 7 ) A 
^(a;, 0^) = ^(x,a^). Now we apply clause (C) holding for b v to 7 = ^ 
and get z G Q,b v < z with P(z) satisfying both <p v (x,a v ) and t/?f(x,af). 
Once again using the satisfaction by 25 of natural sentences, we show that 
b = Conc^(bp,a^) is in Q, bp < b and Vz G Q which is above 6, <p^(x, Of) 
holds, i.e. b is as required. 

Case 3 : = 5 limit. 

By our present assumption, clause (i), and therefore clause (ii), hold. Hence 
there is b G P s which is an upper bound to {6 7 : 7 < 0}. Now 25 satisfies "for 
every element z of P there is a y < z which is in Q and x < z&zQ(x) — > x < y" . 
Apply this to b for z and get b' s for y. So b' s G Q and 7 < 5 =4- 6 7 < as required 
in clauses (A) +(B) but not necessarily (C). 
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Define for each £ < a a formula ip((w,a() = (3z)(w < zA Q(z) A (Vy)(z < 
y A Q(y) — > <p^(H(y),a^)) Now we find C£ (for C < °0 such that: 

(a) c c G Q 3 ,c c < 6 
(6) Vc( c C' a c) holds. 

(c) under (a) + (&), the element is maximal. 

Why do exist? 23 satisfies "for every element s of P there is a it) < s which 

satisfies ip({ w > ®c)i ^ s m Q an d < s A "0c( x j <*c) ^ Q(' T )) ~> (^ < w )" ■ 
By the induction hypothesis we have: 

7 < 5, ( < a =>■ fe 7 < Af3 Cf. 

Clearly it suffices to find b$ satisfying Q(bs) and 6 7 < W3 65 < JV3 for 7 < 
5, £ < a. As N3 \ {c : c < b} is linearly ordered, this follows from N2 being 
A-saturated. □ 

Proposition 3.8. (1) For every T* , there is T** D T* , \T**\ = \T*\+ H such 
that for every model 23 of T** we have 

(a) for any X, the following are equivalent 

(a) if (pi is an interpretation o/T t * in 23 (possibly with parameters) 

then 23 is \ tr - saturated 
{(3) if <f2 *s m interpretation ofT or d in 23 (possibly with parameters) 

then 23^ 2 1 is X-saturated 

(b) for any X, the following are equivalent 

(a) if (pi is an interpretation ofT tr in 23 (possibly with parameters) 
then in 23^ 1 ^ every branch with no last element has cofinality 
> X 

{(3) if if>2 is an interpretation of T or d in 23 (possibly with parame- 
ters) then in 23 there is no Dedekind cut [Ix^I^) with both 
cofinalities < X and at least one > Ko- 

Proof. Easy. □ 

Corollary 3.9. (1) T* rd is <\* x -maximal. 

(2) If \T\ < X and T has SOP3 then T is <\* x -maximal. 

Proof. (1) Follows from EH 
(2) By (1) and EH 

Question 3.10. Is the other direction of 13.91 (2) true? 



□ 



Remark 3.11. We present later a proof of a weaker version of the other direction: 
we get SOP 2 instead of SOP 3 . 

We would like to prove a result similar to 13.51 for SOP2 (or to show maximality 
in some other way), but unfortunately right now we only can present the following 
local theorem: 

Theorem 3.12. If T has SOP 2 as exemplified by -&(x;y), then (T^ r ,'d tr (x;y)) <i* x 
(T, #(x; y)) for any X > \T\ + Ho regular. 

Proof. We can find a model Mi of T* r and model M 2 of T and a b 6 ^(y) m 2 for 
b € Mi such that: 
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(a) if Mi |= 60 < ... < b n -i then {$(x, a,b e ) : £ < n} is satisfiable in M 2 
(P) if bi , b 2 are incomparable in Mi then 

(7) for no J e l ^(M 2 ) is {6 € M x : M 2 |= tf(d,a 6 )} unbounded in M x (note 
that by (/3) it is always linearly ordered in Mi, therefore (7) means that 
for each d G tg ( x \M 2 ), there exists an element of Mi which is above every 
b satisfying i)(d, db))- 

[How? Choose by induction on n, (Mi tn , M 2<n , (db : b 6 Mi.„) : n < u) 
such that: 

(a) Ml,„ is a model of T t * 
(6) M 2 , n is a model of T 

(c) Mi >n -< Mi /rl+ i moreover, every branch of Mi jn has an upper bound 
in Mi. n+ i 

(d) M 2 .„ -< M 2 , n+ i 

(e) d b e ig W(M 2 , n ) for 6eMi,„ 
(/) clauses (a), (/3) hold 

(5) if 6 G Mi >n+ i and [b' G Mi,„ Mi, n+ i |= -1(6 < 6')] tnen #(a,a&) is 

not satisfied by any sequence from Mi, n . 
There is no problem to carry the definition. 

Now Mi = \J n Mi >n ,M 2 — [J n M2,„ and (db '■ b G Mi) are as required 
above.] 

Now let x be such that Mi, M 2 £ Jf(x), wlog r T = r(M 2 ), {<} = r(T tr ) = r(Mi) 
and {g} are pairwise disjoint. Now we define a model 23o. 

Its universe is Jf(x) relation G (membership) 

Pi = \Mi\, 

P2 = |M 2 | 

R = R M * if R G t(M £ ),£ G {1,2} F £ (for ^ < ^(y)) a partial unary function 
such that: 6 G Mi (i^(6) : £ < £g(y)) = d b . _ 

Let T* = Th(% ). For the obvious (p and t/>,T* is (T, T t ,.)-superior and |T*| 
7 + K . Assume A = cf(A) > |T*|. 

So let 23 be a model of T* such that M' 2 = 23^, the model of T interpreted in 
it, is A + -saturated. It will be enough to prove that M[ = 23 M satisfies: for every 
branch of cofinality 8 < A there exists an upper bound. So let {bi : i < 8} be < Ml - 
increasing let Cj = (F^(bg) : £ < £g{y)). Hence for any n < u, io < . . . < i n -\ < 9 
we have M 2 |= (3x)[A m <„ fi(x, Ci)\ because 23 \= (Vz , . . . , z n ^ 1 )[/\ k<n P 1 (z k ) =^ 
z < zi < . . . < z„_i -> (35) A m<n (ft(zm) : £ < £g(y)))]-_ 

So {#(5, ci) : i < 9} is finitely satisfiable in M' 2 hence some d G ^ X \M 2 ) realizes 
it. Now we claim that {b G M{ : 23 |= tf(J,a fc )} is bounded in M{. Why? Recall 
that by clause (7) 23 satisfies: for every x G ig ^P 2 there exists z G Pi such that z 
is < s - above all the elements w G Pi satisfying a w ). Therefore 23 satisfies this 
sentence, and applying it to d G e9 ^(M 2 ), we get 6* G M[ - the required bound. 
As for each i < 9, 0&,) holds, clearly 23 |= bi < b* for all i, and we are done. □ 

The next goal is to complete the proof started in |DjSh692] of the fact that <*- 
maximality implies SOP 2 . In DjSh692] a property was defined - - maximality, 
which is closely related to <\* x - maximality and it was shown in theorem (3.4) that 
every T which is <\* x * - maximal for some (every) big enough regular A, has an order 
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property similar to SOP2, that we call SOP2 (see I1.4JI . We answer the question 
(3.8) (3) from [DjSh692] showing that 50P 2 " is equivalent to SOP 2 (for a theory). 

So assuming that T is <J^ + - maximal for some regular A satisfying 2 A = A + , we 
get by DjSh692 , claim (3.2), T is <J* X * - maximal, so it has SOP2, and therefore 
SOP 2 . 

Theorem 3.13. Let T be a theory. 

(1) Suppose f}(x,y) exemplifies SOP2 in T. Then f}(x]y) exemplifies SOP 2 ' in 
T as well. 

(2) Suppose fl(x,y) exemplifies SOP 2 ' in T. Then for some k, ■d <k> (x;y) ex- 
emplifies SOP 2 in T (where f) <k> (x; y <k> ) = f\ e<k &(x; ye) ). 

Proof. (1) is easy. 

(2) Denote 3^ = {fj : fj = (rje : i < n),f}£ < T}i+i', and i]e G A> 2}. So assume 
i}(x;y) has SOP 2 ' as exemplified by n, a = (a^ : fj G 3"). Without loss of 
generality (a^ : fj G 3™} is tree indiscernible in the relevant sense: 77 ^ (0), 
fj ^ (1) look the same over 77 (2 — fbti from ll.7jl . We can assume this 
by (for more details, see |DjSh692| , claim (2.14)). 

For v G u -2 let p v = {$(x, a^) : fj = (r\i : £ < n) ,rje < i]e+i <! v\ so 
©1 p n for rj G "2 is consistent (in €t). 
Let 



5 = {(/i, T) : h is a one-to-one mapping from"-m to UJ> 2 
preserving <J, _L and T C ™m and there is 
{v* : rj e T), h{rj) < v* G u 2 for rj G "m 
such that U {p^. : 77 G T} is inconsistent}. 

Now 

©2 S is nonempty 

[Why? By the definition of SOP2, clause (6), choose T = n m ] 
Choose (ft*,T*) G E with |T*| of minimal cardinality and (v* : r/ G T*) 
as there. By ©1 clearly |T*| > 2. So choose 770 ^ 771 from T* with 



v* = v* n v* (= h(r/ ) n h(rji)) being of maximal | ???? | length and let 
k* — £g(y*). We can find £* < oj sufficiently large such that { J{p v *\t* : 7/ G 
T*} is inconsistent. We choose by induction on i < oj for every p G e 2, a 
sequence i/ p G w> 2 by v <y = v* , v p ~<_j> — v p "h{r\j). 

Lastly for p G u> 2 G {<>} let f}*(x,b*) be the conjunction of 

[}{Pu* \i- - V ^ T*\{rft), ?7i}} U a n ) :fj= (r) i :£<n), 
m < m+i < v p and (W < n)[^(%) £ [M#0p) - £*)] 
(this condition is empty if £g(p) = 1)}. 

Now if p* G w 2 then {$*(a;,&p) : p <J p*} is consistent as all its members 
are conjunctions of formulas from 

U{p tf . :77GT*\{77*, 77*}U7J P . 

and this is consistent as otherwise (h* \ (T*\{r)%, vt^iiVo, P* \ ?**)}, 
belongs to 5 for some £** , thus contradicting the choice of (h*,T*), i.e. 
with minimal |T*|. 

Lastly if po,Pi G UJ> 2 are ^-incomparable then {$*(x; b Po ), f)*(x] b Pl )} is 
inconsistent: we know that 
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3.13.1. 

\J{p v *\i* : t] S T*\{?yo,??i}} U {t}(x,a n ) : fj = (rje : £ < n), 
m < ty+i < t H U 0^) : 77 = ( m :£ < n), iji < m+1 < v*^ \ £*}. 

is inconsistent (by the choice of (h* , T*) € 5 and the choice oil*). Now, 
by the fact that v* — v* H u* was chosen to be maximal among other pairs 
in T*, we see that if 

? 7o = (Ve '■ & < n), where for each t, 77° < rf i+1 < v*» \ t 

and 

fjl = {tie : £ < n), where for each £, i) t < rj\ +1 < v*» \ i* 

while 

773 = (r)f : I < n), where for each £, % <\ ^*»for some rj* e T* \ {?7o, 
then 

(g) 3.13.2. 

fjl r7 2 7/3 = ft ^ S2 f/3 

where <Tj = (<j| : £ < n) and 

^ = r/j, if lg(r^) < fc* 

<y = ^ t [!g(^) ~ i 1 * - !g(^))]) otherwise 

In simpler words: we replace every r\\ (an initial segment of v^. \ £*) whose 
length is bigger than k* (in particular, it is not below any element in the 
image of T* other than v Vj itself ) by an appropriate initial segment of v p . , 
and get a similar sequence over the image of T* \ {r/Q , 77J}. 

Now, by indiscernibility of {a g ta), the definition of d*(x, &* K l3.13.Tl and l3.13.2l 
we conclude {f}*(x; b Po ), d*(x; b Pl )} is also inconsistent. 

□ 
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